Abstract. It is known that hypersurfaces in CP n or CH n for which the number g of distinct principal curvatures satisfies g ≤ 2, must belong to a standard list of Hopf hypersurfaces with constant principal curvatures, provided that n ≥ 3. In this paper, we construct a 2-parameter family of non-Hopf hypersurfaces in CP 2 and CH 2 with g = 2 and show that every non-Hopf hypersurface with g = 2 is locally of this form.
Introduction
It is known that hypersurfaces in CP n or CH n for which the number g of distinct principal curvatures satisfies g ≤ 2 must be members of the Takagi/Montiel lists of homogeneous Hopf hypersurfaces, provided that n ≥ 3. (See Theorems 4.6 and 4.7 of [10] ). In particular, they must be Hopf. In this paper, we investigate the case n = 2.
We first show in Theorem 2 that Hopf hypersurfaces in CP 2 or CH 2 with g ≤ 2 must be in the Takagi/Montiel lists. However, it turns out that there are also non-Hopf examples with g ≤ 2 and the rest of the paper will be devoted to studying them. Remark 1. After the completion of this work we have learned of a preprint by Díaz-Ramos, Domínguez-Vazquez and Vidal-Castiñeira [5] where they study hypersurfaces with two principal curvatures in CP 2 and CH 2 using the notion of polar actions.
In what follows, all manifolds are assumed connected and all manifolds and maps are assumed smooth (C ∞ ) unless stated otherwise.
Basic equations and results for hypersurfaces
We follow the notation and terminology of [10] . M 2n−1 will be a hypersurface in a complex space form, either CP n or CH n , of constant holomorphic sectional curvature 4c = ±4/r 2 . The locally defined field of unit normals is ξ, the structure vector field is W = −Jξ and ϕ is the tangential projection of the complex structure J. The holomorphic distribution consisting of all tangent vectors orthogonal to W is denoted by W ⊥ and ϕ 2 v = −v for all v ∈ W ⊥ . The shape operator A of M is defined by
where ∇ is the Levi-Civita connection of the ambient space and v is any tangent vector to M. (It follows that ϕAX = ∇ X W for any tangent vector X.) The eigenvalues of A are the principal curvatures and the corresponding eigenvectors and eigenspaces are said to be principal vectors and principal spaces. The function AW, W is denoted by α. If W is a principal vector at all points of M (and so AW = αW ), we say that M is a Hopf hypersurface and α is called the Hopf principal curvature. For a Hopf hypersurface, the Hopf principal curvature is constant. We state the following fundamental facts (see Corollary 2.3 of [10] ). Lemma 1. Let M be a Hopf hypersurface and let X ∈ W ⊥ be a principal vector with associated principal curvature λ. Then (1) (λ − α + c; (3) If ν = λ in (2), then ν 2 = αν + c.
2.1.
Takagi's list and Montiel's list. There is a distinguished class of model hypersurfaces, which we list below. We use the established nomenclature (types A, B, C, D, E with subdivisions A 0 , A 1 , etc.) due to Takagi [12] and Montiel [9] . These lists consist precisely of the complete Hopf hypersurfaces with constant principal curvatures in their respective ambient spaces as determined by Kimura [8] and Berndt [1] . Equivalently, it is the list of homogeneous Hopf hypersurfaces, a fact which follows from the work of Takagi [11] and Berndt [1] . Non-Hopf homogeneous hypersurfaces exist in CH n but not in CP n . Takagi's list for CP n • (A 1 ) Geodesic spheres (which are also tubes over totally geodesic complex projective spaces CP n−1 ).
• (A 2 ) Tubes over totally geodesic complex projective spaces
• (B) Tubes over complex quadrics (which are also tubes over totally geodesic real projective spaces RP n ).
• (C) Tubes over the Segre embedding of CP 1 × CP m where 2m + 1 = n and n ≥ 5.
• (D) Tubes over the Plücker embedding of the complex Grassmann manifold G 2, 5 (which occur only for n = 9).
• (E) Tubes over the canonical embedding of the Hermitian symmetric space SO(10)/U(5) (which occur only for n = 15). Note that only types A 1 and B can occur when n = 2.
Montiel's list for CH n • (A 0 ) Horospheres.
• (A 1 ) Geodesic spheres and tubes over totally geodesic complex hyperbolic spaces Proof. It is well-known (see Theorem 1.5 of [10] ) that umbilic hypersurfaces cannot occur in CP n or CH n . In fact, Hopf hypersurfaces cannot have umbilic points, since by Lemma 1 the Hopf principal curvature α would have to satisfy α 2 = α 2 + c at such points. Thus, when n = 2 the multiplicity of α as a principal curvature is either 1 or 2 at each point p ∈ M, and by continuity the multiplicity will be the same on an open set around p. Hence the set of points where α has multiplicity 2, and the set of points where α has multiplicity 1 (which coincides with the set of points where the holomorphic subspace W ⊥ is principal), are both open and closed in M. So, one set is empty and the other is all of M.
If α has multiplicity 2 on M, Lemma 1 shows that αν = α 2 + 2c where ν is the other principal curvature. Thus, if α 2 + 2c = 0 then ν must be a nonzero constant, while if α 2 + 2c = 0 then ν must be identically zero. The classification of Hopf hypersurfaces with constant principal curvatures by Kimura [8] and Berndt [1] 
The non-Hopf case
Consider now a hypersurface M in the ambient space X (either CP 2 or CH 2 ). If M is not Hopf, then AW = αW on a nonempty open subset of M, and we can construct the standard frame (W, X, Y ) as follows. First, choose the unit vector field X so that AW = αW + βX for a positive function β; then let Y = ϕX. Then A is represented with respect to this frame by a matrix
where λ, µ, ν are also smooth functions.
Proposition 3. Let M 3 be a hypersurface in CP 2 or CH 2 and suppose that AW = αW on M. Then there are g ≤ 2 distinct principal curvatures at each point if and only if µ = 0 and
Proof. Since AW = αW , the setup leading to (1) holds, and therefore g ≥ 2 globally. Suppose now that g = 2 everywhere. We will construct the standard frame (W, X, Y ) in a slightly different way. First, note that W ⊥ intersects the two-dimensional principal space in a one-dimensional subspace. On any simply-connected domain in M, let Y be a unit principal vector field lying in W ⊥ , corresponding to the principal curvature ν of multiplicity 2.
Since the span of {W, X} is A-invariant, A is represented by a matrix of the form (1), with µ = 0. (Although β was specified to be a positive function in (1), this can easily be arranged by changing the sign of Y if necessary.) Thus, we can drop the tildes on X and Y .
Furthermore, ν must be an eigenvalue of the upper-left 2 × 2 submatrix of A, from which the formula (2) follows. The converse is trivial.
Proposition 3 implies that non-Hopf hypersurfaces with g = 2 are part of a class of hypersurfaces previously investigated by Díaz and Domínguez [4] in the context of constant principal curvatures. Namely, one defines a distribution H to be the span of {W, AW, A 2 W, . . .}. For each x ∈ M, H x ⊂ T x M is the smallest subspace that contains W x and is invariant under A. Díaz and Domínguez study hypersurfaces where H has constant rank 2. (This is a generalization of the Hopf condition, under which H has constant rank one.) Since from Proposition 3 we have µ = 0, it is clear that if M is non-Hopf with g = 2 then H has rank 2 for these hypersurfaces, but more is true: Theorem 4. Let M be a hypersurface in X with AW = αW and g ≤ 2 principal curvatures at each point. Then H has rank 2, and is integrable. Furthermore, the derivatives of components α, β, λ, and ν are zero along directions tangent to H, and they satisfy
where d/ds stands for the derivative with respect to Y .
We will postpone the proof of this theorem until section 5. Hypersurfaces in CP 2 or CH 2 with H of rank 2 and integrable are discussed in section 6, where we prove the following existence result:
comprise a smooth solution of the underdetermined system (3), defined for s in an open interval I ⊂ R, and such that β(s) is nonvanishing. Then there exists a smooth immersion Φ : I × R 2 → X determining a hypersurface M, equipped with a standard frame (W, X, Y ), such that Φ maps the R 2 -factors onto leaves of H. The components of the shape operator are constant along these leaves and they coincide with the given solution. Further, the leaves have Gauss curvature zero. This last result shows that Theorems 4.6 and 4.7 of [10] , quoted at the beginning section 1, do not extend to n = 2. For, given initial values α 0 , β 0 , λ 0 such that β 0 = 0, we can define a function F (α, β, λ) on a neighborhood of this point in R 3 such that ν = F (α, β, λ) satisfies (2) identically. Then substituting this for ν in the system (3) gives a determined system. Applying standard existence theory for systems of ODE, and using our initial values at s = 0, will yield a solution α(s), β(s), λ(s) of (3) with ν(s) = F (α(s), β(s), λ(s)) (so that (2) is satisfied), and which is defined for s on an open interval I containing zero. Because the system is autonomous, using the values (α(s 1 ), β(s 1 ), λ(s 1 )) for any nonzero s 1 ∈ I as initial conditions for the system will recover the same solution.
To summarize, there is a two-parameter family of solution trajectories T for (3) which satisfy (2) with β non-vanishing. Each of these determines a non-Hopf hypersurface M T with g = 2, up to rigid motions. Conversely, given any non-Hopf hypersurface M ′ with g = 2 and p 0 ∈ M ′ , we may use the components of the shape operator of M ′ at p 0 as initial conditions to determine an M T which is conguent to an open subset of M ′ containing p 0 .
Moving Frames Calculations
In this section we will prove Theorem 4 using the techniques of moving frames and exterior differential sytems. Background material in this subject are may be found in the textbook [7] .
An orthonormal frame (e 1 , e 2 , e 3 , e 4 ) at a point in X is defined to be unitary if Je 1 = e 2 and Je 3 = e 4 . We let F be the bundle of unitary frames on X. On F there are canonical forms ω i and connection forms ω i j for 1 ≤ i, j ≤ 4. These have the property that if (e 1 , e 2 , e 3 , e 4 ) is any local unitary frame field on X and f is the corresponding local section of F, then the f * ω i comprise the dual coframe field, and
where ∇ is the Levi-Civita connection on X and v is tangent to M. The connection forms satisfy ω i j = −ω j i but also, because the complex structure J is parallel with respect to ∇, we have ω Then the pullbacks of the 1-forms on F satisfy
where α, β, λ, µ, ν are the functions on M giving the components of the shape operator (1). We note also that f satisfies the independence condition f * (ω 1 ∧ ω 2 ∧ ω 3 ) = 0. Our method for studying and constructing (framed) hypersurfaces will be to treat the images of the sections f as integral submanifolds of a Pfaffian exterior differential system, with the shape operator components added as extra variables. In more detail, we let α, β, λ, µ, ν be coordinates on R 5 , and we define following 1-forms on F × R 5 :
(The ω i and ω i j are pulled back from F to F ×R 5 .) Given a standard frame on M, the fibered product of f with the graphs of α, β, λ, µ, ν is a mapping f : M → F × R 5 whose image is a 3-dimensional integral manifold of differential forms θ 0 , . . . , θ 3 satisfying the independence condition. Conversely, every such 3-dimensional integral manifold of the differential forms θ 0 , . . . , θ 3 is locally of this form.
Proof of Theorem 4. Let U ⊂ R 5 be defined by β = 0, µ = 0 and
(This is just (2) rewritten.) Because β = 0, we have α − ν = 0 at each point of U, and U is a smooth 3-dimensional submanifold of R 5 . We will use β, ν and τ = (ν − α)/β as coordinates on U, in terms of which
Note that τ is always nonzero. The geometric meaning of τ is that, if we write the unit ν-eigenvector in the span of {W, X} as cos φ W + sin φ X, then τ = tan φ. Now let M be a non-Hopf hypersurface with g ≤ 2 distinct principal curvatures. In the proof of Proposition 3 we developed a (local) standard frame on M for which the components of the shape operator satisfy µ = 0 and (6). Let f be the corresponding section of F| M . Then the image of f is an integral of θ 0 , . . . , θ 3 which lies in F × U. Accordingly, we pull back the forms from F × R 5 to F × U, giving
and let I be the Pfaffian exterior differential system on F × U generated by these re-defined 1-forms.
As an algebraic ideal, I is generated by these 1-forms and their exterior derivatives, which we may simplify by omitting wedge products involving the θ 0 , . . . , θ 3 as factors. For example, we compute
so that dθ 0 adds no new algebraic generators for the ideal; we express this fact by writing dθ 0 ≡ 0 modulo θ 0 , . . . , θ 3 . Similarly, we compute
The 1-forms π 1 , . . . , π 4 , along with ω 1 , ω 2 , ω 3 and θ 0 , . . . , θ 3 , complete a coframe on F × U which is adapted to I, in the sense that the generator 2-forms of I are most simply expressed in terms of this coframe.
Suppose that Σ is an integral 3-fold of I satisfying the independence condition. Let Θ 1 , Θ 2 , Θ 3 be the 2-forms on the right-hand side of (8), which must vanish along Σ. The vanishing of Θ 1 implies (using Cartan's Lemma) that π 1 and π 4 on Σ must be linear combinations of ω 1 and ω 2 − τ ω 3 . On the other hand, we compute
so that, on Σ, π 1 must be a linear combination of ω 2 and ω 3 . Hence π 1 must be a multiple of ω 2 − τ ω 3 on Σ. Reasoning in this way, we see that there must be functions p, q, t, u on Σ such that (10)
,
For each equation in (10), take the exterior derivative of the left-hand side minus the righthand side. Let Υ 1 , . . . , Υ 4 respectively denote the resulting 2-forms, which we express in terms of the coframe, reduce modulo θ 0 , . . . , θ 3 , and in which we substitute for π 1 , . . . π 4 their values as given by (10) . These 2-forms must also vanish on Σ, and this leads to algebraic restrictions on the coefficients p, q, t, u. First,
The vanishing of this 3-form implies that at each point of Σ, either p = 0 or τ 2 = 1/2. So, if p = 0 at some point, then τ 2 = 1/2 on an open set around that point. We will now show that this cannot happen.
Suppose, more generally, that τ is constant on some open subset of Σ. We compute
The vanishing of this form implies that
If τ 2 = 2 identically, then ν = 0 and substituting this into the generator 2-forms of I gives
which cannot vanish because of the independence condition; thus, τ 2 = 2. Furthermore, substituting (11) into the 2-forms Θ 1 , Θ 2 , Θ 3 leads to a complete determination of the values of ω 2 1 and dβ on an integral submanifold. In particular, we deduce that (12) dβ = 3β
. . , θ 3 , and substituting the determined value for ω 2 1 we obtain dω 1 ≡ P (τ, β)ω 2 ∧ ω 3 , where P is a rational function with non-trivial dependence on β. So, dω 1 = 0 would imply that β is constant, which contradicts (12) .
Thus, we can assume that τ cannot be constant on an open set in Σ, and in particular that p = 0 identically on Σ. With this assumption taken into account, we have
The vanishing of Υ 1 implies that
τ 2 . Using these equations (and p = 0) we obtain
and the vanishing of this 2-form implies that t = 0 identically.
Using the values deduced for p, q, t, u above, we conclude that the following 1-forms vanish along Σ:
Now we can establish the assertions in the theorem. Note first that f * ω 1 annihilates the distribution H on M, so to show that H is integrable we compute
Next, the vanishing of θ 4 , θ 5 , θ 6 implies that ν, β, λ (and hence α) are constant along the leaves of H. Since Y = −e 1 , the vanishing of these 1-forms also gives us the Y -derivatives of these variables:
Using α = ν − βτ we also get
Thus, α, β, λ and ν satisfy the underdetermined system of differential equations (3). (We leave it to the interested reader to check that the right-hand side of Y λ in (13) coincides with the third equation in (3), once the substitutions (7) are made.)
3 ) on an integral submanifold Σ satisfying the independence condition are completely determined at each point of F × U. In other words, Σ must be tangent to the rank 3 distribution on F × Σ, whose tangent spaces are annihilated by θ 0 , . . . , θ 7 at each point. Of course, 3-dimensional integral submanifolds of such a distribution only exist at points where the Frobenius condition is satisfied. This means we must check that the exterior derivatives of θ 0 , . . . , θ 7 are zero modulo these same 1-forms. Fortunately, this condition holds identically, and there exists a unique local integral submanifold Σ through each point of F × U. Global existence will follow from Theorem 5.
2-Hopf Hypersurfaces
As remarked earlier, one can view the condition that H is of rank 2 as a weakening of the Hopf hypersurface condition. By itself, this condition is too weak: for example, one can show using exterior differential systems that 3-dimensional hypersurfaces in X for which H has rank 2 are abundant, at least locally, since examples can be constructed using the CartanKähler theory depending on a choice of 2 functions of two variables. Thus, we impose the additional condition that H is an integrable distribution. Such hypersurfaces are still quite flexible, and depend locally on a choice of 5 functions of one variable; for example, there exists such a hypersurface through any given curve Γ in X, with the distribution H prescribed along Γ (provided that the prescribed 2-plane is neither tangent nor perpendicular to the curve at any point). Motiviated by these considerations, we make the following definition: Definition 1. A hypersurface in CP n or CH n is said to be k-Hopf if H is integrable and of rank k.
When k = 1, the integrability condition is vacuous and this reduces to the usual notion of a Hopf hypersurface. Also note that if M 2n−1 is k-Hopf, then 1 ≤ k ≤ 2n − 1. Because of Theorem 4, we are interested in the 2-Hopf condition when n = 2. Proof. Let (W, X, Y ) be a standard (local) frame on M, and let f : M → F be the associated unitary frame, as defined by (4) . With respect to the (W, X, Y ) basis, the shape operator has the form (1) with µ = 0. So, f * ω 4 1 = νf * ω 1 . By hypothesis, f * ω 1 is integrable (i.e., its exterior derivative is zero modulo itself), so the same is true of f * ω 4 1 . Because ω 2 and ω 3 restrict to be an orthonormal coframe along an H-leaf, we compute the Gauss curvature K using the equation dω
(All forms here are understood to be pulled back via f .) Since dω
Remark 3. It is easy to see that the 2-Hopf condition on M 3 requires that ∇ W X = λY . In fact, for a hypersurface such that H has rank 2, this is equivalent to integrability of H. To explain this, note that ∇ X W = ϕAX = λY . Then
In addition, integrability implies that H-components of ∇ W X and ∇ W W (as well as those of ∇ X X and ∇ X W ) vanish, which explains why the curvature tensor of each leaf must vanish.
Remark 4.
Each H-leaf is a Lagrangian surface in X with Gauss curvature zero. Lagrangian surfaces with constant Gauss curvature were classified by B.-Y. Chen for the cases X = CP 2 [2] and X = CH 2 [3] . Moreover, we shall see below that each H-leaf is the orbit of a 2-dimensional subgroup of the isometries of X, and this fact allows us to determine which of the many families found by Chen the H-leaves belong to. For X = CP 2 , they belong to Chen's case (17) in [2] , generated by a Legendrian curve in S 3 ; for X = CH 2 , they belong to Chen's case (42) in [3] , generated by a Legendrian curve in 3-dimensional anti-de Sitter space.
We now turn to the more specialized hypersurfaces of Theorem 5, which can be characterized as follows:
be as in Proposition 6. If α = AW, W is constant along the Hleaves, then all the other components of the shape operator (with respect to a standard basis) are also constant along these leaves, and satisfy the differential equations (3).
Proof. As in section 5, we will set up a Pfaffian exterior differential system whose solutions are framed hypersurfaces of the type under consideration. Here, the system will encode the conditions that H is rank 2 and integrable. If f : M → F is a unitary frame derived from a standard basis as in (4), then the pullbacks of the 1-forms on F satisfy (5) with µ = 0. So, we define 1-forms
with α, β, λ, ν as extra variables. We compute
Thus, we can impose the condition that H is integrable by requiring that the following 1-form vanish:
where δ, ρ are two additional variables. We compute
and thus we see that we must restrict to the set where
in order to satisfy the independence condition. Let I be the Pfaffian system generated by θ 0 , . . . , θ 4 (with δ given by (14)) on F × W, where W ⊂ R
5 is the open set with coordinates α, β, λ, ν and ρ with β = 0. Differentiating these 1-forms modulo their span gives the generator 2-forms
where
Remark 5. Integral submanifolds of I are in 1-to-1 correspondence with 2-Hopf hypersurfaces in X, so it is of interest to know how large the set of such surfaces is. The system I is not involutive. However, it is easy to see from the above generators that π 5 ∧ ω 1 must vanish along any integral manifold satisfying the independence condition. When this 2-form is adjoined, the resulting ideal is involutive, and Cartan's Test indicates that solutions depend on five functions of one variable. For example, given any curve γ in X and a 2-plane field E along γ which is transverse to the J-invariant subspace containing T p γ for every p ∈ γ, there is a 2-Hopf hypersurface containing γ with H = E along γ.
The set of 2-Hopf hypersurfaces M satisfying the additional hypothesis that α is constant along H-leaves is considerably smaller. For, let Σ be the integral manifold of I corresponding to such a hypersurface. Because H is annihilated by the pullbacks to M of ω 2 and ω 3 , then the constancy of α along the H-leaves implies that π 4 must be a multiple of ω 1 along Σ. On the other hand, the vanishing of the 2-form dθ 3 implies, by the Cartan Lemma, that π 4 must be a linear combination of ω 2 and ω 3 . Thus, π 4 = 0 and π 3 ∧ ω 2 = 0 along Σ. Substituting these into dθ 4 and applying the Cartan Lemma implies that π 5 and π 2 must be linear combinations of ω 1 and ω 3 + ((2λ − α)/β) ω 2 along Σ. When we compare this with result of the Cartan Lemma applied to the vanishing of dθ 2 , we see that there are scalars r, t such that π 2 = r(ω 3 + ((2λ − α)/β)ω 2 ), π 3 = rω 2 , π 5 = tω 1 along Σ. Because π 4 vanishes along Σ, the same is true of its exterior derivative. We compute dπ 4 ∧ ω 2 ≡ β(−3π 1 + π 2 + π 4 + 3βρω 3 ) ∧ ω 1 ∧ ω 2 + (α + λ − 3ν)π 3 ∧ ω 1 ∧ ω 2 mod θ 0 , . . . , θ 4 .
When we note that π 1 ∧ ω 1 = 0 along Σ, and substitute the above values for π 2 , π 3 , π 4 , we conclude that r = −3βρ. Hence, the 1-form π 2 + 3ρ(βω 3 + (2λ − α)ω 2 ) must vanish along Σ. Taking an exterior derivative of this form modulo θ 0 , . . . , θ 4 , wedging with ω 1 , and substituting the known values for the π's, we conclude that ρ = 0 identically.
